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ABSTRACT: We study the spectral stability of periodic traveling wave solutions of the cnoidal
and snoidal type for the nonlinear wave equation. First we need to obtain the required spectral infor-
mation about the operator of linearization. Then we investigate the index of stability and evaluate some
quantities.
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1 Introduction

In the present paper we study the following nonlinear wave equation
(1) Uy — tyy — g(u) =0, g€ C}(R).

For equation (1), stability of traveling wave solutions on the whole line, was considered in
[10].

Recently, the linear stability of traveling wave solutions for the second order in time nonlin-
ear differential equations has been studied extensively [1, 7, 11, 12] . In [11] the question of the
stability analysis for the second order in time PDE:s is reduced to the study of stability of quadratic
pencils in the form A2 4 2cA.d, + 7 = 0, where 7 is a self-adjoint operator. If .7 has a simple
negative eigenvalue and a simple eigenvalue at zero, the authors in [11] derived the index of stabil-
ity and the abstract results were applied to Boussinesq equation, Klein-Gordon equation and beam
equation.

In this paper we are interested in the stability of periodic traveling wave solutions of (1) with
respect to perturbations that are periodic and of the same period as the corresponding wave solu-
tions. First we need to obtain the required spectral information about the operator of linearization.
Then we investigate the index of stability defined in [8].

The paper is organized as follows. In Section 2, we prove the existence of periodic traveling
waves. In Section 3, we set up the linearized problem and give the general abstract result that we
use. In Section 4, we consider the stability of periodic traveling waves of cnoidal type. In the last
section we consider the stability of periodic traveling waves of snoidal type.

2 Periodic traveling waves

We look for periodic traveling wave solutions for equation (1) in the form u(f,x) = ¢ (x+ct)
where ¢ # +1. It is assumed that ¢ is smooth in R. Replacing in (1), we get

2) wo" +g(¢) =0,
with w = 1 — ¢?. Integrating (2) yields
2
G
(3) o + ﬂ =a
2 w

where a € R is a constant of integration and G(¢) = f0¢ g(s)ds.
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3 Linear stability overview

Take u = @(x+ct) +v(t,x+ct)), where v(z,x) is a periodic function with respect to x with a
fundamental period 7, and plug it into (1). Using (2) and ignoring all terms in the form O(v?), we
get the following linear equation for v

4) Vir +2¢cvi +Hy =0,

where
H=-wd}—g'(9).

If we consider the eigenvalue problem associated with (4)), that is v = eMV | we arrive at

A2V +2¢AV, + HV = 0.

Definition 1. We say that the traveling wave solution ¢ is linearly unstable, if there exist a T -
periodic function y € D(H) and A : RA > 0, such that

(5) A2V +2cAV, +HV = 0.
Otherwise, we say that ¢ is stable.

We can write an equivalent to (5) Hamiltonian eigenvalue problem, namely

- oo u
(6) FAV =2V, V= (v) €X xX,

s=(8 ) =0 0):

We use the instability index count theory, as developed in [8]. We present a corollary, which
is enough for our purposes. For eigenvalue problem in the form (7), we assume that 57 = 7" has
dim(Ker(#) < oo, and also a finite number of negative eigenvalues, n(5¢), a quantity sometimes
referred to as Morse index of the operator .77°. In addition, ¢ * = —_¢# We consider the eigenvalue
problem

where

(7) F#U0=U.

Let k, be the number of positive eigenvalues of the spectral problem (7) (i.e. the number of real
instabilities or real modes), k. be the number of quadruplets of eigenvalues with non-zero real
and imaginary parts, and k; , the number of pairs of purely imaginary eigenvalues with negative
Krein-signature. For a simple pair of imaginary eigenvalues +iu, it # 0, and the corresponding

eigenvector 7 = ( ? >, the Krein index is sgn((.#7Z,2)), see [2], p. 267.
2

Also of importance in this theory is a finite dimensional matrix &, which is obtained from
the adjoint eigenvectors for (7). More specifically, consider the generalized kernel of ¢ .

gKer(_# ) = span|(Ker(_# 7)), 1 =1,2,...].
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Assume that dim(gKer(_# 7)) < e (note that under minimal Fredholm assumptions on ¢, 57,
this is indeed the case). Select an orthonormal basis in gKer(_# 7€) S Ker(_# H’) = span[n;, j =
1,...,N]. Then 2 € Myxy is defined via

D ={Dij} i1 - Dij = (£Lnin;)).

Then, following [8], we have the following formula, relating the number of “instabilities” or
Hamiltonian index of the eigenvalue problem (7) and the Morse indices of the operators .Z and ¥

(8) Kitam := ky+ 2ke +2k;” = n(L) —n(2).

It is well-known that the first five eigenvalues of A = —8y2 4 6k?sn?(y, k), with periodic
boundary conditions on [0,4K (k)] are simple. These eigenvalues and corresponding eigenfunctions

" Vo =242k =21 k2 +k4, do(y) =1 — (1 +k> — V1 — k2 +k*)sn?(y,k),
Vi = 1+k2, (Pl (y) = cn(y,k)dn(y,k) = sn’(y,k),
vy = 1+4k2, 92(y) = sn(y, k)dn(y,k) = —cn' (y,k),
Vs =4+ K2, $3(y) = sn(y,k)en(y,k) = —k~2dn’(y,k),
Vi =242+ 2V =Kk 0u(y) = 1= (1K + VT = K2+ K )sn? (v, k).

4  Stability of cnoidal waves

Consider the case g(s) = —s+ s>. We have the following ordinary differential equation for
o,

9) —wo" + > =0,

where w = 1 — ¢?. Integrating once, we get

1
(10) ¢ = ﬁ(—¢4+2¢2+a),

where a is a constant of integration. Then, for w > 0 and a > 0 up to a translation, we obtain the
respective explicit formulas

(11) ¢ (x) = ocn(ax, k),
where
2 2
I X0 2 2¢05—2 1
(12) : 2932 * T w(2k2—-1)

For the operator H = —wd? 4 1 — 3¢? using that sn’(y) + cn?(y) = 1, we get
H =-wd?+1-3@icn*(ax, k)
=wa? [—9] +6K%sn*(y, k) — (1+4K7)] = wa?[A; — (1+4K2)],
where y = ox.
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It follows that the first three eigenvalues of the operator H, equipped with periodic boundary
condition on [0,4K (k)] are simple and zero is the third eigenvalue.
Hence n(#) = 2, kernel of 77 is one dimensional and spanned by (¢’,0).

/

We have £ = ( (()P ) € ker . We now proceed to find the generalized kernel of ¢# 7, i.e.

the adjoint eigenvectors. Recall that we are only interested in those outside Ker(.7#). We looking
/

for adjoint, # .7 ( g ) = ( (Q)D ), which is equivalent to

g=9'
—Hf—2cg =0.

Hence, we get Hf = —2¢@” and f = —2cH '¢"” and n = ( (]gt ) We need to look further at a

second order adjoints, that is solutions of _# 7’11 = 1. A necessary condition for the solvability
—2cd, —1
1 0

. "
Wehave%(f):< ,ZC(p ).Thus
8 %

of this last problem is n L &, which is equivalent to 4c>(H~ ' ¢", ¢") + (¢’ ¢') = 0.

e (1).(] ) =at oo 40000,

8

Now we will estimate (H~'¢", ¢") and (@', ¢'). We have the following representation

_ 1 _ 1 1
(H 9" ¢") = W1%@+ﬂﬂ%@—EWWﬁ

w2
First, we will compute (H~ !¢, @). We have H¢' = 0. The function

V) = 9 [ s

is also solution of Hy = 0. Formally, since ¢’ has zeros using the identity

q)/// lljl
oy

I 1 dcn(x k)

Sl’lz(y, K) dn(y7 K) ay Sn(y7 K)

and integrating by parts, we get

1 ¥ 1 +cn®(as, k
5— |en(ox) — ax?sn(ox, K)dn(ox, k) —FCZL&)
oy 0o dn*(as,K)

y(x) =
After integrating by parts, we get

2 2
uﬁngﬁ%gﬂh%w+%Ww%

w

(13) (H™'9.0) =
Similarly as in [3], integrating by parts yields
(W', 0) =2y (T)o(T) + (v, ¢").
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Using that Hp = —2¢>, we get

(v, 9%) = —wy/(T)o(T).

‘We have "r 27— 6210
With this, we get
B B @*(T) ¢"(T)
(H™0.0) = (T)p(T) +="{0.¥) — 3 s (0. 9)°

and zEz(K)_2(1_,(2)E(1<)I{(1<)—i-(1—1<2)K2(K)

a (2x2—1)E(x) + (1 — x?)K(x)

<H_1(p,§0> =

By direct estimates, we have

|2 = %&4[5(@*(;’(2)1((’()}

HQDIHZ _ 40“P(% (2K2*1)E(’2,;(1*K2)K(’<)_

Finally, we get

1¢/|?+4c2(H 9", @") = -8, [EC-DERHI-C)K(K)

an? 3(2k2—1)2

2(1-kK (k) >
T2 e DEm)+(1-DK()] €

If the above expression is negative, then the right side of (8) is odd number. With this we
proved the following theorem

Theorem 1. Periodic traveling wave solutions of cnoidal type are spectrally unstable for all

» 12K =DE(x) + (1 - x*)K(x)
” 3x2(1 — K2)K2(x)

5 Stability of snoidal waves

In this case g(s) = s —s°.

We have the following ordinary differential equation for ¢,
(14) —wo" —p+¢>=0.
Integrating once, we get
1
(15) 0% = —¢*——¢*+2a.
w
The solution of (14) is given bay

(16) ¢(x) = posn(ax, k),
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where & and K are parameters to be determined.
Since the fundamental period of elliptic function sn is 4K (x), then the fundamental period
of @(x) is

T — 4K(K‘).
o
We have
H =-wd?—1+3¢isn*(ax,«)

=wa? [-9} +6K%sn?(y, k) — (1+&2)]
where y = ax.

It follows that the zero is the second eigenvalue H, equipped with periodic boundary condi-
tion on [0,4K (k)] are simple and zero is the second eigenvalue.

We have £ = ( (()P ) € ker 7. We now proceed to find the generalized kernel of ¢# JZ, i.e.

the adjoint eigenvectors. Recall that we are only interested in those outside Ker(.7). We looking
/

for adjoint, ¢Z .7 < g ) = < é)D ), which is equivalent to

g=¢
—Hf—2cg =0.

Hence, we get Hf = —2c¢” and f = —2cH '¢” and = ( ; > We need to look further at a
second order adjoints, that is solutions of _# .71 = 1. A necessary condition for the solvability
—2cd, —1

1 0

. "
Wehave%”(g):< ,ch) ).Thus

of this last problem is n L &, which is equivalent to 4c>(H~ ' ¢", ¢") + (¢’ ¢') = 0.

¢

e (1) (] )=t ieen 40000,

8
Since (¢", ¢o(0tx)) = 0, then (H~ 19", ¢") > 0 and
n(2) =n(||¢'|P +4*(H 9", 9")) = 0.
Hence the right side of (8) is odd number
n(H)—n(2)=1-0=1.
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