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1 Introduction

In geometry and topology, a closed curve is a connected, continuous curve that starts and
ends at the same point. A simple closed curve is a closed curve that doesn’t intersect itself. The
closed curves have a variety of forms and shapes, and they are essential in many branches of science
and mathematics, such as engineering and physics, as well as computer graphics. A circle is among
the simplest forms of a simple closed curve. Other closed curves are cardioids, epicycloids, and
hypocycloids.

We continue the research from our earlier work [3] in this paper. Firstly, we establish a way to
take a given plane curve and use it to create a new space curve that lies on a hyperbolic paraboloid
(saddle). We will call those curves saddle curves. The saddle surfaces and the curves laying on
them have many applications in architecture design, roof construction, and daily life. Next, we
apply this method to the closed planar curves mentioned above. Furthermore, we also examine
the orthogonal projection of a known space curve called a toroidal helix onto the Euclidean plane.
The focal curves of the generated saddle space curve, which lies on a hyperbolic paraboloid, are
then constructed. In the end, we obtain a generalized focal curve of a closed plane curve, which
is completely distinct from its evolute (a focal curve). Differential-geometric invariants such as
Euclidean curvatures, shape curvatures, and focal curvatures play an essential role in the curve
examination. In the text that follows, we find some relations between the differential-geometric
invariant of the considered curves.

2  Preliminaries

The basic concepts of the classical differential geometry of curves and surfaces in two and
three dimensional Euclidean space are introduced in this section. More details can be found in
the books "Modern Differential Geometry of Curves and Surfaces" (see [9]) and "Differential
Geometry of Curves and Surfaces" (see [4]).

Definition 2.1. [4, p.18] A parameterized differentiable curve is a differentiable map o : I — E3
of an open interval I C R of the real line R into E>.

The word "differentiable” in this definition means that & is a correspondence which maps
each ¢ € I into a point a(t) = (x(¢),y(¢),z(t)) € E?, in such a way that the functions x(z),y(t),z(t)
are differentiable. The variable ¢ is called a parameter of the curve.
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Definition 2.2. [4, p.22] A parameterized differentiable curve o : I — 3 is said to be regular if

a(t) =24 20 forallt €1,

do(t do(t
We use the symbols ¢« = #, a= di ) and etc. for a differentiation about an arbitrary

parameter ¢. The scalar product of two vector functions x(¢) = (x1(¢),x2(¢),x3(z)) and y(z) =
(71(2),y2(2),y3(1)) is given by (x(¢),y(¢)) = x1(£)y1(t) +x2(1)y2(r) + x3(¢)y3(¢). The norm of the
vector function x(¢) is given by ||x(¢)| = \/(x,x) = \/x%(t) +x3(t) +x3(t) forr € R.

For given f € I, the arc-length of a regular parameterized curve o : I — [E3 from the point 7 is
given by the equality s(t) = [; ||ce(t)||dz, where [|&()]] = \/%2(2) +¥2(r) +23(r). Since &(t) # 0,
the arc-length function s = 5(¢) is a differentiable function of ¢ and ds/dt = ||&(2)]|.

Amapa:l— [E3 is called a curve of class C¥ (CK—curve) if each of the coordinate functions
in the expression a(t) = (x(¢),y(t),z(¢t)) has continuous derivatives up to order k. We say that o
is of class CU if it is simply continuous. If the map « is one-to-one, then the curve « is said to be
simple. Our investigations are restricted to regular curves with linearly independent derivatives of
order from one to n in [E”, n = 2,3. We will call that curves Frenet curves.

The image of any parameterized curve in the Euclidean plane E? = O¢, ¢, under an orientation-
preserving affine map in E? is also a parameterized curve in E2. Now, we will discuss the
differential-geometric invariants of Frenet plane curves with respect to the group of orientation-
preserving rigid motions.

A regular parameterized curve o : [a,b] — [E? is called a closed plane curve if o and all of its
derivatives coincide at @ and b, thatis a(a) = a(b), &(a) = a(b), é.(a) = &(b), & (a) = a(b), ...

The curve o is simple if it has no further self-intersections, that is, if 71,7, € [a,D],t; # 12,
then OC(tl) #+ Ot(l‘z).

Let us consider a Frenet plane curve & : I — E? of class C° that is defined on the open interval
I CRby

() (1) = (x(t),y(1),0).

Definition 2.3. [9, p.3] A complex structure J is a linear map J : E> — E? given by J(p1, p2) =
(—p2,p1)- Geometrically, J is a rotation by /2 in a counterclockwise direction.

Definition 2.4. [9, p.11] Let o : I — E? be a Frenet plane curve. The signed curvature K of . is
(a(r), Ja(r))
()P

1
given by the formula K (t) = . The function R = X is called a radius of curvature of

.

Remark 2.1. The signed curvature K defined by the equation in Definition 2.4 above is an invariant
under orientation-preserving rigid motions in E2.

The Frenet-Seret system of a Frenet space curve ¥ consists of vectors and scalar invariants:

_ v o (rxyxy o, yxyo o lyxdll vy
- . 7N_ . .o . 7B_ o ..7%_ 3 ) - . ..27
17l 1(7 > ¥) x 7l 17 7l 17l 1771
where the vector invariants 7', N, B are known as a tangent, a principal and a binormal unit vector

field of v, respectively, whereas the scalar invariants s and 7 are called a curvature and a torsion
of y, respectively, or Euclidean curvatures.

T
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Definition 2.5. [9, p.241] A focal curve of a Frenet space curve y: I — E3 of class C? is the curve
given by

(2) Cy(1) = 1(1) + c1 (1)N(r) + c2(1)B(2),

where N is a principal unit normal vector field of v, B is a binormal unit vector field of y. The
coefficients c|(t) and c(t) are smooth functions called focal curvatures of 7y, and given by

1 i%(l‘) dey(t)
3) 1) = —, t)=— dt — di ’
oM 1 | ser)22(r) | 29 | 2(r)

where »(t) and T(t) are the Euclidean curvatures of Y.

In other words, the focal curve of a Frenet curve 7 in the Euclidean space E consists of the
centres of its osculating spheres.

Remark 2.2. The functions c|(t) and c,(t) are well defined because »(t) and ©(t) are non-zero
functions.

Definition 2.6. [9, p.438] Let S C E3 be a surface. Then S is a generalized cylinder over a curve
o : 1 — B3 if S can be parameterized as S(u,v) = a(u) 4+ v.q, where q € E? is a fixed vector.

We consider a case of a right generalized cylinder over the plane curve o, when its rulings
are perpendicular to the generating plane curve. That means, the fixed vector is a unit vector
€; = (0,0,1) || Oz and the parameter v is replaced by the function f(v) € R, f(v) € C3. Then the
parametrisation of a right generalized cylinder is S (u,v) = a(u) + f(v)és.

The term "saddle" is frequently used to describe a hyperbolic paraboloid for rather obvious
reasons. The name stems from the fact that its vertical cross sections are parabolas, while the
horizontal cross sections are hyperbolas. The Cartesian equation of this surface is z = —x* + 2.

3  Previous results

Theorem 3.1. /8] Let a(t) = (x(t),¥(t),0),t € I C R be a Frenet plane curve of class C* with a
nonzero signed curvature, and let f(t) € C? be a real-valued function. Suppose that €3 is the unit
vector on Oz-axis and

V() =alt)+f(t)é, tel
is a parameterized space curve. Then, Y(t) is a Frenet curve whose curvature and torsion are given

by

V{@d6) +(fa— fo. fo— fa)
—

4) 3
(e
&) _ '].C'<d,./(§c>—|—f<_.]a7 &)+ flUa, &)

(6,06) + (fo— fa, fo— fr)
The following statement provides us with relations between the Frenet-Seret frame of y and

the signed curvature K of o as well as the derivatives of the arc-length function of ¢, parameterized
about an arbitrary parameter ¢.
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Theorem 3.2. [3] Let o« = o(t),t € I C R be a regular C3-plane curve in B> and K # 0 is the
Euclidean signed curvature of o. Let y(t) = a(t) + f(t).83,t € I C R, f(t) € C? be the corre-
sponding cylindrical curve over the right generalized cylinder with a base curve o. If T,N,B are
vector invariants of v, then they can be expressed by the derivatives of o, the scalar function f and
the unit vector €3 with the following equations

S'—i—f?3
($>+ o — 3L (s*+ f2) o+ (fs'z—f% (%)) &
V24 280K+ || fa — fal?
_ J(fa—fa)+5°K%e
VK2 + | fa— fal?

where s is the derivative of the arc-length function s = s(t) of o with respect to an arbitrary
parametert.

(6) T =

(7) N =

8)

The next statement gives us relations between the focal curvatures of ¥ and the signed cur-
vature of o, parameterized about an arbitrary parameter ¢.

Theorem 3.3. [3] Let v = a(t),t € I C R be a regular C3—plane curve in B and K = 0 is the Eu-
clidean signed curvature of o. Let y(t) = a(t) + f(t).€3,t €I CR, f(t) € C? be the corresponding
cylindrical curve over the right generalized cylinder with a base curve o. If ci and c; are the focal

curvatures of v, then
) /5:2 _|_f2
VSR + [ fo— fal*

9) c1(t) =

3(OK* + || fo— fal?) (8 + ) = (8 + ) G OK> + || fa— fa| )
2V/$OK? + || fa— fal? (f£K - ((fa - fa), &)

where s is the derivative of the arc-length function s = s(t) of o with respect to an arbitrary

parametert.

Theorem 3.4. [3] Let o« = o(t),t € I C R be a regular C3-plane curve in E? and K # 0 is the
Euclidean signed curvature of o.. Let y(t) = au(t) + f(t).€3,1 € I C R, f(t) € C3 be the correspond-
ing cylindrical curve over the right generalized cylinder with base curve o and c1,cy are the focal
curvatures of 'y defined by equations (9) and (10). Then the focal curve of y has vector-parametric
representation Cy(t) = B(t) + f(t).€,
a ((2+ )0 —34(82+ &) — /2 + f2I(fo— fi)
V2 f2/sOK? 4[| fo— fa?
) c1 (fs'Z—f% <%>>+cz\/s'2—l—f2s'3l(
(12) f@)=r@)+ . ——
V24 VSR + [ fa - fal?

where [ is the generalized focal curve of @, $ is the derivative of the arc-length function s = s(t)
of o with respect to an arbitrary parametert.

(10) c(t) =

Y

(11) B(t) = a(r) +

b

9
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4 Main results

Let us consider a hyperbolic paraboloid S : z = —x? + y*> with a parametric equation
(13) S(u,v) = (u,v,v* —u?), where u,v € U C R?.

Theorem 4.1. Let oo = a(t),t € I C R be a regular C3-plane curve in E? and K # 0 is the Eu-
clidean signed curvature of . Let y(t) = (x(¢),y(t), —x*(t) +y*(t)), t € I C R be the correspond-
ing saddle space curve over the hyperbolic paraboloid S. If T,N, B are vector invariants of 7, then
they can be expressed by the derivatives of &, o* and the unit vector €3 via the following equations

s+2(o*, &)és

V2 +4(ax, @)?

(14) T =

(P44, )i -S4 +4(ar, @)+ (L9982 — (o, a)4) 7

(15) N =
V2 + 4ok, )2 \/sOK2 + || A2
—J(A) +s°K?e
SOK2 +||A?

where A =2[(a*, &) + (a*, &) — 2(o*, &) &, § is the derivative of the arc-length function s = s(t)
of o with respect to an arbitrary parameter t and o is the image of the plane curve o about a
symmetry with respect to the ordinate axis Oy.

Proof: The proof immediately follows from Theorem 3.2 and the condition f(¢) = —x(t) +
y?(t). In more details, the vector function () = (x(t),y(t), —x*(t) +y*(t)) is of class C*> when its
coordinate functions x(¢),y(¢) are of class C2. The fact that the functions x(t), y(¢) are continuously
differentiable up to order 2 immediately follows from the condition that « is a regular C3-plane
curve in E2. It is easy to see that if a*(t) = (—x(t),y(t)) is the image of the plane curve o(t) =
(x(2),y(t)) about a symmetry with respect to the ordinate axis Oy. Then the scalar representation
of the function f(1) = —x*(¢) +y*(¢) can be written in the form f(t) = (a*(t), «t(¢)). Recall that
(.,.) is a notion of the scalar product of two vector functions. Applying differentiations about an
arbitrary parameter ¢ we get to the equalities f(¢) = 2{a*, &), f(t) = 2({a*, &) + (&*, &)), and
A= fa—fa=2[(a*a)+ (o*, &) —2(a*, &)d. When we substitute them into equations (6),
(7) and (8) we obtain equations (14), (15) and (16). ]

In the next statement the focal curvatures of ¥ can be expressed by the signed curvature of «,
the curve o, parameterized about an arbitrary parameter #, o* that is the image of the plane curve
o about a symmetry with respect to the ordinate axis Oy and their derivatives.

Theorem 4.2. Let oo = (1), € I C R be a regular C3-plane curve in B? and K # 0 is the Eu-
clidean signed curvature of .. Let y(t) = (x(t),y(t), —x*(t) +y*(t)), t € I C R be the correspond-
ing saddle space curve over the hyperbolic paraboloid S. If ci and c; are the focal curvatures of
Y, then

$2+4(o*, &)?
VR HJAJ2
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3(°K + ||AI) g5 (8% +4(a”, @)?) — (° + 4{a", &)%) G (S°K> + ||A[*)
2\/$OK2 +[|A|> [(3(ar, &) + (o, &))$°K — (J(A), &)]

(18) ct) =

b

where A =2[(&", &) + (a*, &) & —2(a*, &)@, s is the derivative of the arc-length function s = s(t)
of a with respect to an arbitrary parameter t and o is the image of the plane curve o about a
symmetry with respect to the ordinate axis Oy.

Proof: The vector function () = (x(t),y(t), —x*(t) +y*(t)) is of class C* when its coor-
dinate functions x(t),y(t) are of class C3, which immediately follows from the condition that o
is a regular C3-plane curve in E2. Substituting derivatives f(1) = 2(a*, &), f(¢) = 2((a*, &) +
(6%, &), f(t)=2((a*, &) +3(0* &) and A = for — for = 2[(&, &) + (a*, &) & — 2(a*, &) éx
into the equations (9) and (10) in Theorem 3.3 we get to the equations (17) and (18) whence the
proof of the theorem is completed. 0

According to the next theorem, the focal curve C,() of a saddle space curve ¥ can be ex-
pressed via the signed curvature of ¢, the curve ¢, the image a* = Sp, () of the plane curve a
about a symmetry with respect to the ordinate axis Oy and their derivatives.

Theorem 4.3. Let o = (), t € I C R be a regular C3-plane curve in E? and K # 0 is the Eu-
clidean signed curvature of a. Let y(t) = (x(t),y(t), —x*(t) +y%(t)), t € I C R be the correspond-
ing saddle space curve over the hyperbolic paraboloid S and cy,cy are the focal curvatures of y
defined by equations (17) and (18). Then the focal curve of 'y has a vector-parametric representa-

tion Cy(t) = B(t) + F(t).€3,

o (2 +4(a, a)?) i — 14 (2 +4(a", a)?) ) — can/s2+4(a*, )2 I (A)
2

(19) B(1) = o(t) + V1 4o, @)% /K2 + [A]?

)

er (216, &) + (o, P — (@, @) 487 ) + 2/ + 4, @) 9K

200 F(r)=(a"
200 F(r) = (o )+ V4o, @) /K7 + | A]]2

Y

where [ is the generalized focal curve of a, A =2[{a*, &) + (a*, &) —2{(a*, &)@, § is the
derivative of the arc-length function s = s(t) of & with respect to an arbitrary parametert.

Proof: The focal curve of ¥ has a vector-parametric representation Cy () = B(t) + f(t).€,
according to Theorem 3.4. The scalar function f(¢) is given by equation (12), and the generalised
focal curve 8 of & is given by equation (11). Then substituting the derivatives f(¢) = 2{a*, &),
f)=2({a*, &) +{a*, &) and A = foo— for =2[(&*, &) + (¥, &) & —2(a*, &) & into the equa-
tions (11) and (12) we get the proof of the theorem. ]

5 Examples of closed saddle curves in the Euclidean space F>
5.1 Saddle helixes

A curve that is the orthogonal projection of a toroidal helix (a helix wrapped into a torus) onto
the Euclidean plane has a parametric equation ¢ (7) = (cos(t)(a+bcos(nt)),sin(t)(a+bcos(nt))),
t € R. The images of the orthogonal projection of a toroidal helix « (in orange) are presented
on Figure 1 fora=1,b=4,n=8;a=4,b=1,n=8 and a = b = n = 3. Then the correspond-

-24 -



Focal curves of closed saddle curves

Figure 1

Figure 2

ing space curve on the hyperbolic paraboloid that we will call a saddle helix has a parametric
representation

¥(t) = (cos(t)(a+beos(nt)),sin(t)(a+beos(nt)), — cos(2t) (a+ beos(nt))?).

The images of the saddle helixes y (in blue) are presented on Figure 2 fora =1,b=4,n=8§;
a=4,b=1,n=8anda=b=n=23.

Figure 3 displays the images of a saddle helix y (in blue) over a saddle and its corresponding
focal curve Cy (inred) fora=4,b=1,n=38.

The image of the orthogonal projection of a toroidal helix « (in orange) and its corre-
sponding generalized focal curve 8 (in green) are displayed on Figure 4 fora=4,b=1,n=38.

5.2 Saddle epicycloids

The trajectory of a fixed point on a circle, known as an epicycle, which rolls around a given
circle without slipping, is a planar curve named an epicycloid. The epicycloid and its evolute
(focal curve) are similar curves. Now let us examine the epicycloid provided by

alf) = ((r—l—R) cos (%) ~reos (“’;R)> ,(r+R)sin (%) _ rsin (I(FZR)> ,0) ,
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fort € [0,2kx|, k =1,2,..., where R is the radius of the bigger circle centered at the origin around

which the smaller circle with radius r rolls.
The ratio z = m determines how the epicycloid looks.

5.2.1 A saddle cardioid and its focal curve

For R = r the epicycloid « is called a cardioid and its corresponding curve 7 is a saddle
cardioid with a parametric equation

y(t) = (—r(cos(2t) —2cos(t)),2rsin(t) — rsin(2t), —r2(4cos(2t) —4cos(3t) —|—cos(4t))) ,

for t € [0,27]. The images of a saddle cardioid y (in blue) over a saddle and its corresponding
focal curve Cy (in red) are depicted on Figure 5 for R = r = 1. In this case ¥ is a non-planar curve
when 7 # 0,27. The point y(0) = y(27) is a cusp of 7.

The images of a cardioid « (in orange) and its corresponding generalized focal curve 3 (in
green) are displayed on Figure 6 for R =r = 1.
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Figure 5
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Figure 6

5.2.2 A saddle nephroid and its focal curve

For R = 2r the epicycloid « is called a nephroid and its corresponding curve 7y is a saddle
nephroid with a parametric equation

Q1) () = (—r(cos (%) —3cos<%)> 4rsin’® (%) ,—r2(9cos(t)—6cos(2t)+cos(3t)))

fort € [0,4x]. For R =2r, r = 1, Figure 7 shows the pictures of a saddle nephroid 7 (in blue) over
a saddle and its corresponding focal curve Cy (in red).

The images of a nephroid « (in orange) and its corresponding generalized focal curve 3
(in green) are depicted on Figure 8 for R =2r, r = 1.

5.3 Saddle hypocycloids

A plane curve traced by a fixed point on a circle rolling internally on a given circle is called a
hypocycloid. The hypocycloid and its evolute (focal curve) are similar curves. Now let us consider
the hypocycloid given by

() = (reos ("B ) (k= rycos () (R=r)sin () = rsin ("5 0)
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for t € [0,2kn], k = 1,2,..., where R is the radius of the bigger circle centered at the origin on
which the smaller circle with radius r rolls internally.
The shape of the hypocycloids depends on the ratio = m.

5.3.1 A saddle deltoid and its focal curve

For 2R = 3r the hypocycloid « is called a deltoid and its corresponding curve ¥ is a saddle
deltoid with a parametric equation

70 = (g (20ms (5) oo (5) ) —arsiv () s ().
(s e (2)) es(4))) oo

The images of a saddle deltoid Y (in blue) over a saddle and its corresponding focal curve Cy (in
red) are displayed on Figure 9 for r = 2.

Figure 10 shows the images of a deltoid & (in orange) and the corresponding generalized
focal curve f3 (in green) for r = 2.
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Figure 9
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Figure 10

5.3.2 A saddle astroid and its focal curve

For R = 4r the hypocycloid « is called an astroid and the corresponding curve 7 is a saddle
astroid with a parametric equation

¥(t) = <4rcos3 (2) 4rsin’® (%) 2 (15 cos (%) +cos (%) )) 1€ 0,87]

The images of a saddle astroid y (in blue) over a saddle and the corresponding focal curve C,
(in red) are presented on Figure 11 for r = 1. Figure 12 displays images of a astroid « (in orange)
and the corresponding generalized focal curve 3 (in green) for r = 1.
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Figure 11
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